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Abstract. In order to simultaneously generalize matrix rings and group 
graded crossed products, we introduce category crossed products. For 
such algebras we describe the center and the commutant of the coef- 
ficient ring. We also investigate the connection between on the one 
hand maximal commutativity of the coefficient ring and on the other 
hand nonemptyness of intersections of the coefficient ring by nonzero 
twosided ideals. 

1. Introduction 

Let R be a ring. By this we always mean that R is an additive group 
equipped with a multiplication which is associative and unital. The iden- 
tity element of R is denoted 1r and the set of ring endomorphisms of R 
is denoted End(R). We always assume that ring homomorphisms respect 
the multiplicative identities. The center of R is denoted Z(R) and by the 
commutant of a subset of R we mean the collection of elements in R that 
commute with all the elements in the subset. 

Suppose that R\ is a subring of R i.e. that there is an injective ring ho- 
momorphism R\ — > R. Recall that if R\ is commutative, then it is called 
a maximal commutative subring of R if it coincides with its commutant in 
R. A lot of work has been devoted to investigating the connection between 
on the one hand maximal commutativity of R\ in R and on the other hand 
nonemptyness of intersections of R\ with nonzero twosided ideals of R (see 
[2], P|, P3, 0, [2], P3], EE] and [20]). Recently (see [21], [22], [23], [24] and 
[25] ) such a connection was established for the commutant R\ of the coeffi- 
cient ring of crossed products R (see Theorem 1 below). Recall that crossed 
products are defined by first specifying a crossed system i.e. a quadruple 
{^4, G, a, a} where A is a ring, G is a group (written multiplicatively and 
with identity element e) and a : G — > End(A) and a : G x G — ► A are maps 
satisfying the following four conditions: 

(1) a e = id A 

(2) a(s, e) = a(e, s) = 1a 

(3) a(s,t)a(st,r) = a s (a(t,r))a(s,tr) 
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(4) a s (a t (a))a(s,t) = a(s,t)a st (a) 

for all s,t,r £ G and all a £ A. The crossed product, denoted A x^ G, 
associated to this quadruple, is the collection of formal sums ^ s& ca s u s , 
where a s £ A, s £ G, are chosen so that all but finitely many of them are 
nonzero. By abuse of notation we write u s instead of lu s for all s £ G. The 
addition on A G is defined pointwise 

(5) ^ a s u s + ^ b s u s = y^(g g + b s )u s 
seG sGG sGG 

and the multiplication on A x^ G is defined by the bilinear extension of the 
relation 

(6) (a s u s )(b t ut) = a s a s (b t )a(s,t)u s t 

for all s,t £ G and all a s ,bt £ A. By ([T]) and ([2]) u e is a multiplicative identity 
of A x^ G and by (|3|) the multiplication on A xi^ G is associative. There is 
also an ^4-bimodule structure on A xi^ G defined by the linear extension of 
the relations a(bu s ) = (ab)u s and (au s )b = (aa s (b))u s for all a,b £ A and 
all s,t £ G, which, by , makes A x^ G an ^4-algebra. In the article [21], 
Oinert and Silvestrov show the following result. 

Theorem 1. // A x^ G is a crossed product with A commutative, all a s , 
s £ G, are ring automorphisms and all a(s, s -1 ), s £ G, are units in A, then 
every intersection of a nonzero twosided ideal o/^4x^G with the commutant 
of A in ix^G is nonzero. 

In loc. cit. Oinert and Silvestrov determine the center of crossed products 
and in particular when crossed products are commutative; they also give a 
description of the commutant of A in ixi^G. Theorem 1 has been generalized 
somewhat by relaxing the conditions on a and a (see [23] and [24]) and by 
considering general strongly group graded rings (see [25]). For more details 
concerning group graded rings in general and crossed product algebras in 
particular, see e.g. [1], [8] and [17] . 

Many natural examples of rings, such as rings of matrices, crossed product 
algebras defined by separable extensions and category rings, are not in any 
natural way graded by groups, but instead by categories (see [13], [H], [15] 
and Remark [T|). The purpose of this article is to define a category graded 
generalization of crossed products and to analyze commutativity questions 
similar to the ones discussed above for such algebras. In particular, we 
wish to generalize Theorem 1 from groups to groupoids (see Theorem [2] in 
Section 4). To be more precise, suppose that G is a category. The family of 
objects of G is denoted ob(G); we will often identify an object in G with its 
associated identity morphism. The family of morphisms in G is denoted 
ob(G); by abuse of notation, we will often write s £ G when we mean 
s £ mor(G). The domain and codomain of a morphism s in G is denoted d(s) 
and c(s) respectively. We let G^ denote the collection of composable pairs 
of morphisms in G i.e. all (s,t) in mor(G) x mor(G) satisfying d(s) = c(t). 
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Analogously, we let denote the collection of all composable triples of 
morphisms in G i.e. all (s,t,r) in mor(G) x mor{G) x mor(G) satisfying 
(s,t) G G^ and (t, r) G G^ 2 \ Throughout the article G is assumed to be 
small i.e. with the property that mor(G) is a set. By a crossed system 
we mean a quadruple {A, G, a, a} where A is the direct sum of rings A e , 
e G ob(G), <7 S : A d ^ — ► A c t 8 \, s G G, are ring homomorphisms and a 

is a map from G^ to the disjoint union of the sets A e , e G ob(G), with 
a(s,t) G A c i s \, (s,t) G G( 2 \ satisfying the following five conditions: 



(7) a e = id Ae 

(8) a(s,d(s)) = l Ac(s) 

(9) a(c(t),t) = l Ac(t) 

(10) a(s,t)a(st,r) = a s (a(t,r))a(s,tr) 

(11) a s (a t (a))a(s,t) = a(s,t)a st (a) 



for all e G ob(G), all (s,t,r) G G (3) and all a G Let A x£ G denote 

the collection of formal sums ^sgG a * Us ' wnere a s £ A=(s)> s G G, are 
chosen so that all but finitely many of them are nonzero. Define addition on 
A x£ G by dH) and define multiplication on A x £ G by (JH) if (s, i) G G (2) and 
(a s u s )(b t Ut) = otherwise where a s G ^4 C ( S ) and b t G A c ( t v. By J7J, (JSj) and 
((H) it follows that A x^ G has a multiplicative identity if and only if ob{G) 
is finite; in that case the multiplicative identity is Yle^obtG) Ue - By (flOl) the 
multiplication on A x^ G is associative. Define a left A-module structure on 
A x^ G by the bilinear extension of the rule a e (b s u s ) = (a s b s )u s if e = c(s) 
and a e (b s u s ) = otherwise for all a e G A e , b s G -A c (s)> e G ob(G), s G G. 
Analogously, define a right A-module structure on A x^ G by the bilinear 
extension of the rule (b s u s )cf = (b s a s (cf))u s if / = d(s) and (b s u s )cf = 
otherwise for all b s G A c(s) , c/ G Af, f G 06(G), s G G. By ([TTJ) this 
A-bimodule structure makes A x^ G an ^4-algebra. We will often identify 
A with © ego b(G)^4 e u e ; this ring will be referred to as the coefficient ring of 
ix^G. It is clear that A x^ G is a category graded ring in the sense defined 
in [14] and it is strongly graded if and only if each a(s, t), (s, t) G G^ 2 \ has a 
left inverse in A c i s y We call ix^G the category crossed algebra associated 
to the crossed system {^4, G, a, a}. 

In Section 2, we determine the center of category crossed products. In 
particular, we determine when category crossed products are commutative. 
In Section 3, we describe the commutant of the coefficient ring in cate- 
gory crossed products. In Section 4, we investigate the connection between 
on the one hand maximal commutativity of the coefficient ring and on the 
other hand nonemptyness of intersections of the coefficient ring by nonzero 
twosided ideals. In the end of each section, we indicate how our results 
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generalize earlier results for other algebraic structures such as group crossed 
products and matrix rings (see Remarks 1-6 and Remark 8). 

2. The Center 

For the rest of the article, unless otherwise stated, we suppose that Ax^G 
is a category crossed product. We say that a is symmetric if a(s, t) = a(t, s) 
for all s,t £ G with d(s) = c(s) = d(t) = c{t). We say that A x£ G is 
a monoid (groupoid, group) crossed product if G is a monoid (groupoid, 
group). We say that A x^G is a twisted category (monoid, groupoid, group) 
algebra if each a s , s £ G, with d(s) = c(s) equals the identity map on 
Ad(s) = A:(s)! m that case the category (monoid, groupoid, group) crossed 
product is denoted Ay\ a G. We say that A x^ G is a skew category (monoid, 
groupoid, group) algebra if a(s,t) = 1a c(s) , (s,t) £ G*- 2 **; in that case the 
category (monoid, groupoid, group) crossed product is denoted A x°"G. If G 
is a monoid, then we let A G denote the set of elements in A fixed by all a s , 
s £ G. We say that G is cancellable if any equality of the form siti = S2^2, 
(si,ti) £ G&\ i = 1,2, implies that s± = S2 (or ti = £2) whenever t\ = £2 
(or s\ = S2). For e, / € 06(G) we let Gf fi denote the collection of s G G 
with c(s) = / and d(s) = e; we let G e denote the monoid G e<e . We let the 
restriction of a (or a) to G\ (or G e ) be denoted by a e (or a e ). With this 
notation all A e x^= G e , e G 06(G), are monoid crossed products. 

Proposition 1. T/ie center of a monoid crossed product A x^ G is i/ie 
collection of ^2 seG a s u s in Ayi^G satisfying the following two conditions: 
(i) a s a s (a) = aa s , s £ G, a £ A; (ii) for all t,r £ G the following equality 
holds seG a so(s, t) =Y1 sec o- t (a s )a(t, s). 

st=r ts — r 

Proof. Let e denote the identity element of G. Take x := YlseG asUs m ^ ne 
center of A x^ G. Condition (i) follows from the fact that xau e = au e x for 
all a £ A. Condition (ii) follows from the fact that xut = utx for all t £ G. 
Conversely, it is clear that conditions (i) and (ii) are sufficient for x to be in 
the center of A x^ G. □ 

Corollary 1. The center of a twisted monoid ring Axi a G is the collection of 
^2 S £G a s u s in A>i a G satisfying the following two conditions: (i) a s £ Z(A), 
s £ G; (ii) for all t,r £ G, the following equality holds ^ sea a s a(s,t) = 

st — r 

ssg a s a(t, s). 

ts=r 

Proof. This follows immediately from Proposition [H □ 

Corollary 2. If G is an abelian cancellable monoid, a is symmetric and has 
the property that none of the a(s,t), (s,t) £ G^ 2 ', is a zerodivisor, then the 
center of A x^ G is the collection of J2 s& G asUs in A yi^G satisfying the 
following two conditions: (i) a s a s (a) = aa s , s £ G, a £ A; (ii) a s £ A G , 
s £ G. In particular, if A x CT G is a skew monoid ring where G is abelian 
and cancellable, then the same description of the center is valid. 
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Proof. Take x := YlseG a s u s m A G. Suppose that x belongs to the 
center of A G. Condition (i) follows from the first part of Proposition 
CD Now we show condition (ii). Take s,t G G and let r := st. Since G 
is commutative and cancellable, we get, by the second part of Proposition 
[JJ, that a s a(s,t) = at(a s )a(t, s). Since a is symmetric and a(s,t) is not a 
zerodivisor, this implies that a s = a t {a s ). Since s and t were arbitrarily 
chosen from G, this implies that a s G A G , s G G. On the other hand, by 
Proposition [TJ it is clear that (i) and (ii) are sufficient conditions for x to be 
in the center of A G. The second part of the claim is obvious. □ 

Now we show that the center of a category crossed product is a particular 
subring of the direct sum of the centers of the corresponding monoid crossed 
products. 

Proposition 2. The center of a category crossed product A x^ G equals 
the collection of J2eeob(G)T,seG e a s u s in Eeeofe(G) z ( A e >C e G e ) satisfying 
Y^seGe a r (a s )a(r, s) = X^ teG / ctta(t,r) for all e, f G ob(G), e / /, and all 

rs = g tr = g 

r,g G G/ )6 . 

Proof. Take x := ^2 seG a s ii s in the center of A x^ G. By the equalities 
u e x = xu e , e G ob(G), it follows that a s = for all s G G with d(s) ^ 
c(s). Therefore we can write x = Y. e &ob(G) SseG e a s u s where XLeG e a s u s G 
^(^e x^G e ), e € ob(G). The last part of the claim follows from the fact that 

the equality u r (^ s eG e a s u s) = (X^sgG e a s u s) holds for all e, f G ob(G), 
e^/, and all r G Cj ie . □ 

Proposition 3. Suppose that Ax^G is a category crossed product and con- 
sider the following five conditions: (0) all a(s,t), (s,t) G G^ 2 \ are nonzero; 
(i) A x^Cr is commutative; (ii) G is the disjoint union of the monoids G e , 
e G ob(G), and they are all abelian; (Hi) each A e x^ G e , e G ob(G), is a 
twisted monoid algebra; (iv) A is commutative; (v) a is symmetric. Then 
(a) Conditions (0) and (i) imply conditions (ii)-(v); (b) Conditions (ii)-(v) 
imply condition (i). 

Proof, (a) Suppose that conditions (0) and (i) hold. By Proposition [2l we 
get that G is the direct sum of G e , e G ob(G), and that each A e x^ G e , 
e G ob(G), is commutative. The latter and Proposition QJi) imply that (hi) 
holds. Corollary [TJ now implies that (iv) holds. For the rest of the proof we 
can suppose that G is a monoid. Take s,t G G. By the commutativity of 
Ax^Gwe get that a(s,t)u s t = u s u t = utu s = a(t,s)ut s for all s,t G G. 
Since a is nonzero this implies that st = ts and that a(s,t) = a(t,s) for all 
s,t G G. Therefore, G is abelian and (v) holds. 

Conversely, by Corollary [JJ and Corollary [2] we get that conditions (ii)-(iv) 
are sufficient for commutativity of A x^ G. □ 

Remark 1. Proposition O Corollary [TJ Corollary [2] and Proposition [3] gen- 
eralize Proposition 3 and Corollaries 1-4 in [21] from groups to categories. 
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Remark 2. Let A x G be a category algebra where all the rings A e , e G 
06(G), coincide with a fixed ring Z). Then A x G is the usual category 
algebra Z?G of G over L>. Let H denote the disjoint union of the monoids 
G e , e € 06(G). By Proposition Q] and Proposition [2] the center of -DG is the 
collection of YlseH a s u Sl a s G Z(D), s G iZ, in the induced category algebra 
Z(D)H satisfying ^ sen a s = a s for all r,t E G. Note that if G is a 

st — r ts=r 

groupoid, then the last condition simplifies to a Tt -\ = a t ~i r for all r,t E G 
with c(r) = c(t) and d(r) = d(t). This result specializes to two well known 
cases. First of all, if G is a group, then we retrieve the usual description 
of the center of a group ring (see e.g. [26]). Secondly, if G is the groupoid 
with the n first positive integers as objects and as arrows all pairs (i,j), 
1 < i, j < n, equipped with the partial binary operation defined by letting 
(i,j)(k,l) be defined and equal to precisely when j = k, then DG is 
the ring of square matrices over D of size n and we retrieve the result that 
Z(M n (D)) equals the Z(D)l n where l n is the unit n x n matrix. 

Remark 3. Let L/K be a finite separable (not necessarily normal) field 
extension. Let N denote a normal closure of L/K and let Gal denote the 
Galois group of N/K. Furthermore, let F denote the direct sum of the 
conjugate fields Lj, i = 1, ... ,n; put L\ = L. If 1 < i, j < n, then let Gij 
denote the set of field isomorphisms from Lj to Li . If s £ G^-, then we 
indicate this by writing d(s) = j and c(s) = i. If we let G be the union of 
the Gij, 1 < i,j < n, then G is a groupoid. For each s £ G, let a s = s. 
Suppose that a is a map G^ — > UILi with a(s,t) € L c ( s \, (s,t) € G^ 
satisfying ©, © and g| for all (s,t,r) G G (3) and all a £ L d{t) . The 
category crossed product F x^ G extends the construction usually defined 
by Galois field extensions L/K. By Proposition [21 the center of F x^ G is 
the collection of ^eeob(G) o, e u e with a e = s(aj) for all e, / G 06(G) and all 
s G G with c(s) = e and = /. Therefore the center is a field isomorphic 
to L Gl ' 1 and we retrieve the first part of Theorem 4 in |13j . 

3. The commutant of the coefficient ring 

Proposition 4. The commutant of A in Ayi^G is the collection o/^ sgG a s u s 
in Ay\ a a G satisfying a s = 0, s G G, d(s) ^ c(s), and a s a s (a) = aa s , s G G, 
d(s) = c(s), a G A d{s) . 

Proof. The first claim follows from the fact that the equality (]CseG a-sU s )u e = 
u e (J2 seG a s u s ) holds for all e G 06(G). The second claim follows from the fact 
that the equality (J2 seG a s u s )au e = au e (^2 s&G a s u s ) holds for all e G 06(G) 
and all a G A e . □ 

Recall that the annihilator of an element r in a commutative ring R is the 
collection, denoted ann(r), of elements s in R with the property that rs = 0. 

Corollary 3. Suppose that A is commutative. Then the commutant of A in 
A x^ G is the collection of ^2 se Qa s u s in A x^ G satisfying a s = 0, s G G, 
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d(s) / c(s), and a s (a) — a G ann(a s ) ; s G G, d(s) = c(s), a G ^ n 
particular, A is maximal commutative in A ^G if and only if there for all 
choices of e G ob{G), s G G e \ {e}, a s G .A ej i/iere ?'s a nonzero a G A e itntt 
i/ie property that a s (a) — a ^ ann(a s ). 

Proof. This follows immediately from Proposition HI □ 

Corollary 4. Suppose that each A e , e G ob(G), is an integral domain. Then 
the commutant of A in A x^ G is the collection of Yls&G a s u s ™ A~A a a G 
satisfying a s = whenever a s is not an identity map. In particular, A is 
maximal commutative in Ay\ a a G if and only if for all nonidentity s G G, the 
map a s is not an identity map. 

Proof. This follows immediately from Corollary 03 □ 

Proposition 5. If A is commutative, G a disjoint union of abelian monoids 
and a is symmetric, then the commutant of A in A y\ a a G is the unique 
maximal commutative subalgebra of A xi°G containing A. 

Proof. We need to show that the commutant of A in A x^G is commutative. 
By the first part of Proposition 2J we can assume that G is an abelian monoid. 
If we take ^2 seG a s u s and YlteG ^ Ut m * ne commutant of A in A x£J G, then, 
by the second part of Proposition |4] and the fact that a is symmetric, we get 
that 

^asUs^btUt = ^2 a s a s (b t )a{s,t)u s t = ^ a s b t a(s,t)u st = 
seG teG s,teG s,teG 

= ^2 b t a s a(t, s)uts = ^ b t a t (a s )a(t, s)u st = ^ b t u t ^ a s u s 
s,teG s,teG teG seG 

□ 

Remark 4. Proposition HJ Corollary [3j Corollary |4] and Proposition [5] to- 
gether generalize Theorem 1, Corollaries 5-10 and Proposition 4 in [2 1 J from 
groups to categories. 

Remark 5. Let A x G be a category algebra where all the rings 4, e £ 
ob(G), coincide with a fixed integral domain D. Then A x G is the usual 
category algebra DG of G over D. By Corollary IH the commutant of D in 
DG is DG itself. In particular, A is maximal commutative in DG if and 
only if G is the disjoint union of |o6(G)| copies of the trivial group. 

Remark 6. Let L/K be a finite separable (not necessarily normal) field 
extension. We use the same notation as in Remark [3j By Corollary HJ the 
commutant of F in F x^ G is the collection of Y17=i X^eG^ a s u s satisfying 
a s = whenever a s is not an identity map. In particular, F is maximal 
commutative in F x^ G if all groups G^i, i = 1, . . . , n, are nontrivial; this of 
course happens in the case when L/K is a Galois field extension. 
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4. COMMUTATIVITY AND IDEALS 

In this section, we investigate the connection between on the one hand 
maximal commutativity of the coefficient ring and on the other hand non- 
emptyness of intersections of the coefficient ring by nonzero twosided ideals. 
For the rest of the article, we assume that ob(G) is finite. Recall (from 
Section 1) that this is equivalent to the fact that A x^G has a multiplicative 
identity; in that case the multiplicative identity is zCeeoft(G) Ue - 

Theorem 2. If Aw^G is a groupoid crossed product with A commutative 
and for every s G G, a(s,s^ 1 ) is not a zero divisor in A c f s \, then every 
intersection of a nonzero twosided ideal of Ayj^G with the commutant of A 
in A x^ G is nonzero. 

Proof. We show the contrapositive statement. Let C denote the commutant 
of A in A G and suppose that I is a twosided ideal of A x^ G with 
the property that I PI C = {0}. We wish to show that I = {0}. Take 
x £ I. If x £ G, then by the assumption x = 0. Therefore we now assume 
that x = YlseG a s u s € I, a s £ A c i 8 \, s £ G, and that x is chosen so that 
x C with the set S := {s £ G \ a s / 0} of least possible cardinality N. 
Seeking a contradiction, suppose that N is positive. First note that there 
is e € 06(G) with u e x £ I \ C. In fact, if u e x £ G for all e G 06(G), then 
x = lx = X^eeofe(G) UeX ^ ^ w hich is a contradiction. By minimality of 
N we can assume that c(s) = e, s € S 1 , for some fixed e € 06(G). Take 
t £ S and consider the element x' := ra r i G I. Since a(t, i _1 ) is not a 
zero divisor we get that x' ^ 0. Therefore, since I n G = {0}, we get that 
x' £ I\C. Take a = Y^feob{G) b f u f G ^- Tnen ^ 9 x " := ax ' ~ x ' a = 
X^sgS a s(bd( s ) ~ °~s(b e ))us- Since the summand for s = e vanishes, we get, by 
the assumption on N, that x" = 0. Since a G A was arbitrarily chosen, we 
get that x' £ C which is a contradiction. Therefore N = and hence S = % 
which in turn implies that x = 0. Since x £ I was arbitrarily chosen, we 
finally get that 1= {0}. □ 

Corollary 5. // A x^ G is a groupoid crossed product with A maximal com- 
mutative and for every s £ G, a(s,s^ 1 ) is not a zero divisor in A c r s \, then 
every intersection of a nonzero twosided ideal o/Ax^G with A is nonzero. 

Proof. This follows immediately from Theorem [2j □ 

Now we examine conditions under which the opposite statement of Corol- 
lary [5] is true. To this end, we recall some notions from category theory that 
we need in the sequel (for the details see e.g. [E|). Let G be a category. 
A congruence relation R on G is a collection of equivalence relations R a ^ 
on hom(a,b), a,b £ 06(G), chosen so that if (s, s') £ R a ^ and (t, t') £ Rb, c , 
then (ts,t's') £ R a , c for all a, 6, c G 06(G). Given a congruence relation R 
on G we can define the corresponding quotient category G/R as the cat- 
egory having as objects the objects of G and as arrows the corresponding 
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equivalence classes of arrows from G. In that case there is a correspond- 
ing functor Qr ■ G — > G/i? mapping objects with the identity functor and 
mapping arrows to their respective equivalence classes. We will often use 
the notation [s] := Qr(s), s£G. Suppose that H is another category and 
that F : G — > H is a functor. The kernel of i 7 , denoted ker(F), is the 
congruence relation on G defined by letting (s,t) G ker{F) a ^, a, 6 G 06(G), 
whenever s,t G hom(a,b) and F(s) = -F(i). In that case there is a unique 
functor V F '■ G/ker(F) — » iT with the property that VFQker(F) = ^- Fur- 
thermore, if there is a congruence relation R on G contained in ker(F), 
then there is a unique functor J\f : G/i? — > G/ker(F) with the property 
that MQr = Qker(F)- I n that case there is therefore always a factorization 
F = VfNQr; we will refer to this factorization as the canonical one. 

Proposition 6. Let {A, G, a, a} and {A, H, r, /?} 6e crossed systems with 
06(G) = ob(H). Suppose that there is a functor F : G — > H satisfying the 
following three criteria: (i) F is the identity map on objects; (ii) T F r s \ = a s , 

s G G; (Hi) /3(F(s),F(t)) = a(s,t), (s,t) G G^> . Then there is a unique 
A-algebra homomorphism A x„ G — > A H , also denoted F, satisfying 
F(u s ) = u F{s) , s EG, 

Proof. Take x := ^ s gG a sU s in ^4 x„ G where a s G A c r s \, s G G. By A- 
linearity we get that F(x) = J2seG a sF(u s ) = YlseG a s u F(s)- Therefore 
F is unique. It is clear that F is additive. By (i), F respects the multi- 
plicative identities. Now we show that F is multiplicative. Take another 
y := YlseG bs^s in A G where b s G A c / S ^, s G G. Then, by (ii) and (hi), 
we get that 

F(xy) = F I ^2 a s a s (b t )a(s,t)u st \ = ^ a s a s (b t )a(s, t)u F ( st ) = 
\( s ,()eG( 2 ) / (s,t)eG( 2 i 

= Yl a s T F{s) (b t )(3(F(s),F(t))u F{s)F{t) =F(x)F(y) 

(s,t)eG( 2 ) 

□ 

Remark 7. Suppose that {A, G, a, a} is a crossed system. By abuse of 
notation, we let A denote the category with the rings A e , e G 06(G), as 
objects and ring homomorphisms A e — > A/, e, / G 06(G), as morphisms. 
Define a map cr : G — > j4 on objects by <r(e) = A ei e G 06(G), and on arrows 
by <t(s) = cr s , s G G. By equation it is clear that a is a functor if the 
following two conditions are satisfied: (i) for all (s,t) G G^ 2 \ a(s,t) belongs 
to the center of A c r s y t (ii) for all (s,t) G G^- 2 \ a(s,t) is not a zero divisor in 

Proposition 7. Let A x„ G be a category crossed product with a : G — > A 
a functor. Suppose that R is a congruence relation on G with the property 
that the associated quadruple {A, G/R, a ([•]), a([-], [•])} is a crossed system. 
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If I is the twosided ideal in A G generated by an element Yls&G a s u s, 
a s G j4 c ( s ) ; s G G, satisfying a s = if s does not belong to any of the classes 
[e], e G ob(G), and Y^se[e] a s = 0, e€ ob(G), then AnI = {0}. 

Proof. By Proposition [6j the functor Qr induces an ^4-algebra homomor- 
phism Qr : A G — > A '.] r.i) G/R. By definition of the a s , s 6 G, we 
get that 



VsSG / \eeofe(G) sefel 



■6(G) < 

= Y Y asU w = Y [Y a A u w = 

e€ob(G)se[e] eeob(G) \se[e] / 

This implies that Qr(I) = {0}. Since Qr\a = ^A, we therefore get that 
lnA=(Q R \ A )(AnI)QQ R (I) = {0}. ' □ 

Let G be a groupoid and suppose that we for each e G ob(G) are given a 
subgroup iV e of G e . We say that N = U eeob (c)iV e is a normal subgroupoid 
of G if sN d ( s j = N C ( S }S for all s £ G. The normal subgroupoid iV induces a 
congruence relation ~ on G defined by letting s ~ t, s, t G G, if there is n in 
-^d(i) with s = ni. The corresponding quotient category is a groupoid which 
is denoted G/N. For more details, see e.g. [5]; note that our definition of 
normal subgroupoids is more restrictive than the one used in [5]. 

Proposition 8. Let A xi^ G be a groupoid crossed product such that for 
each (s,t) G G^ 2 \ a(s,t) G Z{A C ^) and a(s,t) is not a zero divisor in 
A c r s \ . Suppose that N is a normal subgroupoid of G with the property that 
o n = idA c ( n) , n G N, and a(s,t) = 1a c(s) if s G N or t G N. If I is the 
twosided ideal in A~A a a G generated by an element X^eG asUs > a * ^ 
s6G, satisfying a s = if s does not belong to any of the sets N e , e G ob(G), 
and J2 S £N e a s = 0, e£ ob(G), then A n I = {0}. 

Pi-oof. By Remark [TJ a is a functor G — » A and ~ C ker(a). Therefore, 
by the discussion preceding Proposition [6j there is a well defined functor 
a[-] : G/N — > A. Now we show that the induced map «([■],[•]) is well 
defined. By equation ([3j) with s = n G N c m we get that a(n,t)a(nt,r) = 
a n (a(t,r))a(n,tr). By the assumptions on a and a we get that a(nt,r) = 
a(t,r). Analogously, by equation ([3]) with t = n G Nm t )^ we get that 
a(s,t) = a(s,tn). Therefore, «([•], [■]) is well defined. The rest of the claim 
now follows immediately from Proposition [Jj □ 

Proposition 9. Let A y\ a G be a skew category algebra. Suppose that R 
is a congruence relation on G contained in fcer(cr). // I is the twosided 
ideal in A x a G generated by an element Yls£G asUs ' ° s ^ ^c(s)? s G G ; 
satisfying a s = if s does not belong to any of the classes [e], e G ob(G), and 
£ se[e] a s = 0, e G ob(G), then A n I = {0}. 
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Proof. By Remark [7] and the discussion preceding Proposition [6l there is a 
well defined functor a[-] : G/R — > A. The claim now follows immediately 
from Proposition [71 □ 

Proposition 10. Let Ay\ a G be a skew groupoid ring with all A e , e G ob(G), 
equal integral domains and each G e , e G ob(G), an abelian group. If every 
intersection of a nonzero twosided ideal of A xi CT G and A is nonzero, then A 
is maximal commutative in A x CT G. 

Proof. We show the contrapositive statement. Suppose that A is not max- 
imal commutative in A xi CT G. By the second part of Corollary 01 there 
is e G ob{G) and a nonidentity s G G e such that a s = idA e - Let N e 
denote the cyclic subgroup of G e generated by s. Note that since G e is 
abelian, N e is a normal subgroup of G e . For each / G ob(G), define a sub- 
group Nf of Gf in the following way. If G e j / 0, then let Nf = sNeS -1 , 
where s is a morphism in G e j. If, on the other hand, G e j = 0, then 
let Nf = {/}. Note that if s\,S2 G G e j, then s 2 ^ 1 si G G e and hence 
s±N e Si = S2S2 siN e (s2 si)^ 1 ^^ = S2N e S2 ■ Therefore, Nf is well de- 
fined. Now put N = Uf eo f,rQ\Nf, It is clear that iV is a normal subgroupoid 
of G and that a n = idA e7 n G N. Let I be the nonzero twosided ideal of 
A x CT G generated by u e — u s . By Proposition [8] (or Proposition [9]) it follows 
that .4nl = {0}. □ 

Remark 8. Proposition El Corollary [5] and Propositions ITIfTOl together gen- 
eralize Theorem 2, Corollary 11, Theorem 3, Corollaries 12-15 and Theorem 
4 in [21] from groups to categories. 

By combining Theorem 2 and Proposition [TOl we get the follwing result. 

Corollary 6. // A x CT G is a skew groupoid ring with all A e , e G ob(G), 
equal integral domains and each G e , e G ob{G), an abelian group, then A is 
maximal commutative in A x^G if and only if every intersection of a nonzero 
twosided ideal of A x°" G and A is nonzero. 
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